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Motivation

Project 1: Find and verify Bely̆ı maps for elliptic curves.
Project 2: Write code that will plot Dessins d’Enfants on the Torus
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K2,3
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Riemann-Hurwitz Formula

Riemann Surfaces
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Riemann-Hurwitz Formula

Riemann Surfaces

A Riemann Surface is a triple (X , {Uα}, {µα}) satisfying:
Coordinate Charts and Maps: For a countable indexing set
I,

X =
⋃
α∈I

Uα and µα : Uα ↪→ C

Locally Euclidean: Each µα(Uα) is a connected, open subset
of C; and the composition µβ ◦ µ−1α is a smooth function.
Hausdorff: For distinct z ∈ Uα and w ∈ Uβ there exist open
subsets:

µα(z) ∈ Uα ⊆ µα(Uα)

µβ(w) ∈ Uβ ⊆ µβ(Uβ)
such that µ−1α (Uα) ∩ µ−1β (Uβ) = ∅

We always embed X ↪→ R3.
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Riemann-Hurwitz Formula

Examples of Riemann surfaces

Surface of genus 0:
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Riemann-Hurwitz Formula

Examples of Riemann surfaces

Surface of genus 1:
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Riemann-Hurwitz Formula

Elliptic Curves

An elliptic curve E is a set

E(C) =
{

(x : y : z) ∈ P2(C)
∣∣∣∣ y 2z+a1x y z+a3y z2 = x3+a2x2z+a4xz2+a6z3

}
for complex numbers a1, a3, a2, a4, a6.
Let E be an elliptic curve. Then we can place E in the form
E ′ : y2z = (x − e1z)(x − e2z)(x − e3z) for different complex
numbers e1, e2, e3.

Theorem
Every elliptic curve E : y2z = (x − e1z)(x − e2z)(x − e3z) is
isomorphic to a torus
T 2(R) =

{
(u, v ,w) ∈ R3 ∣∣ (√u2 + v2 − R

)2 + w2 = r2}
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Riemann-Hurwitz Formula

Upon defining the lattice Λ =
{

mω1 + nω2
∣∣m, n ∈ Z

}
in terms of the

periods

ω1 = 2
∫ e3

e1

dt√
(t − e1) (t − e2) (t − e3)

and

ω2 = 2
∫ e3

e2

dt√
(t − e1) (t − e2) (t − e3)

We have then the following isomorphism

E(C)
'

−−−−−−→ C/Λ
'

−−−−−−→ T 2(R)

(x, y)
sgn(y)

∫ ∞

x

dt√
(t − e1) (t − e2) (t − e3)

= mω1 + nω2

u =
(

R + r cos 2πm
)
cos 2πn

v =
(

R + r cos 2πm
)
sin 2πn

w = r sin 2πn
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Riemann-Hurwitz Formula

Riemann-Hurwitz Formula

Riemann-Hurwitz Genus Formula
Let β : X → Y be a rational map between Riemann surfaces. The
Euler characteristics χ(X ) = 2− 2 gX and χ(Y ) = 2− 2 gY are
related by

χ(X ) = deg(β) · χ(Y )−
∑
p∈X

(
ep − 1

)
for some positive integers ep called the ramification indices.

As a special case:

X = E (C) ' T2(R) : gX = 1 χ(X ) = 0

Y = P1(C) ' S2(R) : gY = 0 χ(Y ) = 2
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Bely̆ı Maps
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In the 2003 paper “What is. . . a Dessin d’Enfant?” by Leonardo Zapponi,
the author recounts how Gennadĭı Bely̆ı proved in 1979 that a Riemann
surface X is completely determined by the existence of a rational map
β : X → P1(C) which has three critical values.

Theorem
Let X be a compact, connected Riemann surface.

X can be defined by a polynomial equation
∑

i,j aijz iw j = 0.

If the coefficients aij are not transcendental then there exists a
rational function β : X → P1(C) which has at most three critical
values.

Conversely, if there exists a rational function β : X → P1(C) which
has at most three critical values, then X can be defined by a
polynomial equation

∑
i,j aijz iw j = 0 where the coefficients aij are

not transcendental.
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Bely̆ı Maps

Let E be an elliptic curve.
A rational function β : E (C) ↪→ P1(C) is a map which is a ratio
β(x , y , z) = p(x , y , z)/q(x , y , z) in terms of relatively prime
homogeneous polynomials p(x , y , z), q(x , y , z) ∈ C[x , y , z ].
Define its degree as the natural number

deg(β) = maxω∈P1(C)

∣∣∣∣{P ∈ E (C)
∣∣∣∣β(P) = ω

}∣∣∣∣
ω ∈ P1(C) is said to be a critical value if |β−1(ω)| 6= deg(β).
A Bely̆ı map is a rational function β such that its collection
of critical values ω is contained within the set{
(0 : 1), (1 : 1), (1, 0)

}
⊆ P1(C)

PRiME 2015 Dessins d’Enfant on the Torus



Riemann Surfaces
Bely̆ı Maps
Examples
Algorithm

Dessins d’Enfant
Graph Theory
Degree Sequences

Dessins d’Enfant
Fix a Bely̆ı map β(x , y , z) = p(x , y , z)/q(x , y , z) for E (C). Denote the
preimages

B = β−1((0 : 1)) = {P ∈ E (C)|p(P) = 0}

W = β−1((1 : 1)) = {P ∈ E (C)|p(P)− q(P) = 0}

E = β−1([0, 1]) = {P ∈ E (C)|β(P) ∈ R and 0 ≤ β(P) ≤ 1}

The bipartite graph (V ,E ) with vertices V = B ∪W and edges E is
called Dessins d’Enfant. We embed the graph on E (C) in R3.

B W E E (C) β−−−−→ P1(C)y y y y{
black
vertices

} {
white
vertices

} {
edges

}
R3
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Riemann Existence Theorem
Every graph on the torus can be realized as the Dessin d’Enfant of
some Belyi map.

Corollary
Given β : E (C)→ P1(C), let
B = β−1(0) W = β−1(1) F = β−1(∞). Then,

|E | = deg(β)∑
P∈β−1(ω) eP = deg(β) for any ω ∈ P1(C)

meaning that
∑

P∈B eP =
∑

P∈W eP =
∑

P∈F eP = deg(β)
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Graphs

A (finite) graph is an ordered pair (V ,E ) consisting of
vertices V and edges E .
A connected graph is a graph in which there exists a route
of edges and vertices between any two vertices.
Every graph in this research is a connected graph.
A bipartite graph is a graph whose vertices can be divided
into two disjoint sets B and W such that every edge connects
a vertex in B to a vertex in W .
A complete bipartite graph (Km,n) is a bipartite graph such
that every vertex in B is connected to every vertex in W .
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Graphs
Given a bipartite graph (V ,E ) where V = B ∪W and faces F ,
denote

{eP
∣∣P ∈ B} {eP

∣∣P ∈W } {eP
∣∣P ∈ F}

where ep = number of edges adjacent to a vertex P for P ∈ V .

Degree Sum Formula ∑
P∈V

eP = 2|E |

Proposition for Bipartite Graphs∑
P∈W

eP =
∑
P∈B

eP = |E |
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Important Theorems of Graph Theory

Euler Formula
If graph G is a connected graph then |V | − |E |+ |F | = 2− 2g

Where g is a a genus of a surface on which the graph G can be drawn
without any edges crossing.
The genus of a graph is the minimum number of handles that must be
added to the plane to draw the graph without any edges crossing.

Ringel‘s Theorem, 1963

g(Km,n) =
⌊(m − 2)(n − 2) + 3

4
⌋

So all complete bipartite graphs that can be drawn on the torus are
K3,3,K3,4,K3,5,K3,6,K4,4
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Degree Sequences

Proposition
Let β : E(C)→ P1(C) be a Bely̆ı map. Then the sets{

eP
∣∣P ∈ B

}
B = β−1

(
(0 : 1)

)
{

eP
∣∣P ∈W

}
in terms of W = β−1

(
(1 : 1)

)
{

eP
∣∣P ∈ F

}
F = β−1

(
(1 : 0)

)
are each integer partitions of deg(β) such that

2 deg(β) =
∑
P∈B

(
eP − 1

)
+
∑
P∈W

(
eP − 1

)
+
∑
P∈F

(
eP − 1

)
.

These integer partitions are called the degree sequences of the Bely̆ı map.
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Unique degree sequences of the Complete Bipartite Graphs

By Ringel, we know that the only Km,n that can be drawn on the
torus without edges crossing are K3,3,K3,4,K3,5,K3,6,K4,4. Recall

|B| = m, |W | = n, |E | = m n, and |F | = mn − (m + n).

Km,n |B| |W | |F | Degree Sequence

K3,3 3 3 3 {{3, 3, 3}{3, 3, 3}, {3, 3, 3}}
K3,4 3 4 5 {{4, 4, 4}{3, 3, 3, 3}, {4, 2, 2, 2, 2}}
K3,5 4 5 7 {{5, 5, 5}{3, 3, 3, 3, 3}, {3, 2, 2, 2, 2, 2, 2}}
K3,6 5 6 9 {{6, 6, 6}{3, 3, 3, 3, 3, 3}, {2, 2, 2, 2, 2, 2, 2, 2, 2}}
K4,4 4 4 8 {{4, 5, 5}{3, 3, 3, 3, 3}, {2, 2, 2, 2, 2, 2, 2, 2}}
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K3,4 : {{4, 4, 4}{3, 3, 3, 3}, {4, 2, 2, 2, 2}}

PRiME 2015 Dessins d’Enfant on the Torus



Riemann Surfaces
Bely̆ı Maps
Examples
Algorithm

Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Examples of

Bely̆ı Maps

PRiME 2015 Dessins d’Enfant on the Torus



Riemann Surfaces
Bely̆ı Maps
Examples
Algorithm

Verifying a rational function is a Bely̆ı Map
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Finding more examples

Examples of Bely̆ı Maps on Noam Elkies Webpage

Noam Elkies of Harvard University maintains a webpage which lists
several examples of Bely̆ı maps:
http://www.math.harvard.edu/~elkies/nature.html.
The following examples appear on the paper:

E : y2 = x3 + 1 β(x , y) = y + 1
2

E : y2 = x3 + 5 x + 10 β(x , y) = (x − 5) y + 16
32

E : y2 = x3 − 120 x + 740 β(x , y) = (x + 5) y + 162
324

E : y2 + 15 x y + 128 y = x3 β(x , y) =
(
y − x2 − 17 x

)3
214 y

PRiME 2015 Dessins d’Enfant on the Torus
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Examples of Bely̆ı Maps on Noam Elkies’ Webpage

E : y2 + x y + y = x3 + x2 + 35 x − 28

β(x , y) =
4
(
9 x y − x3 − 15 x2 − 36 x + 32

)
3125

And

E : y2 = x3 − 15 x − 10

β(x , y) =
(
3 x2 + 12 x + 5

)
y +

(
−10 x3 − 30 x2 − 6 x + 6

)
−16

(
9 x + 26

)
PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
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Examples of Bely̆ı Maps on different papers

In Leonardo Zapponi’s “On the Bely̆ı degree(s) of a curve defined
over a number field” (although the term “6Y ” should be “12Y ”)
there is the following example of a Bely̆ı map:

E : y2 = x3 + x2 + 16 x + 180 β(x , y) = x2 + 4 y + 56
108

In Lily Khadjavi and Victor Scharaschkin’s “Bely̆ı Maps, Elliptic
Curves and the ABC Conjecture” one can find this other example
of a Bely̆ı map:

E : y2 = x3 − x β(x , y) = x2

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map

Given an elliptic curve:

E (C) =
{

(x , y) ∈ C2
∣∣∣∣ y2 + a1 x y + a3 y = x3 + a2 x2 + a4 x + a6

}
We verify that β(x , y) is a Bely̆ı map for E (C) following the next
steps

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Compute the maps degree.
Compute a potential list of critical values.
Determine which of the potential critical values are critical
values.
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Verifying a rational function is a Bely̆ı Map
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Finding more examples

Degree Sequences of Bely̆ı maps

By means of the previous propositions we have that:
There do not exist any Bely̆ı maps of deg(β) = 2.
Every Bely̆ı map of deg(β) = 3 or 4 has one of the following
degree sequences, as illustrated by the accompanying
examples:{
{3}, {3}, {3}

}
E : y2 = x3 + 1 β(x , y) =

y + 1
2{

{1, 3}, {4}, {4}
}

E : y2 = x3 + x2 + 16 x + 180 β(x , y) =
x2 + 4 y + 56

108{
{2, 2}, {4}, {4}

}
E : y2 = x3 − x β(x , y) = x2
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Verifying a rational function is a Bely̆ı Map
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Bely̆ı Maps cant have Degree 2

Riemann Hurwitz Genus Formula for Bely̆ı Maps on the torus

2 deg(β) =
∑

P∈β−1(0)
(eP − 1) +

∑
P∈β−1(1)

(eP − 1) +
∑

P∈β−1(∞)
(eP − 1)

Critical Point when eP = 2.
4 = (2− 1) + (2− 1) + (2− 1) + (2− 1)
4 critical points ⇒ 4 critical values
Not a Bely̆ı map.
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Degree 3 Bely̆ı Map

Set E : y2 = x3 + Ax + B and β(x , y) = ay + bx + c
dy + ex + f = ω

Solve for y in terms of x and substitute into E .
Factor p(x) = (x − x1)e1 · · · (x − xn)en .
Define yk for β(xk , yk) = ω and ep = ek for P = (xk , yk).
Have repeated roots when ω = 0, 1,∞.

2 deg(β) =
∑

P∈β−1(0)

(
eP − 1

)
+

∑
P∈β−1(1)

(
eP − 1

)
+

∑
P∈β−1(∞)

(
eP − 1

)

ω = 0, 1,∞:
p(x) = (x − x1)3 ⇒ e1 = 3

{{3}, {3}, {3}}
PRiME 2015 Dessins d’Enfant on the Torus
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Degree Sequences of Dessin d’Enfants of Belyi Maps

Riemann Hurwitz Genus Formula for Bely̆ı Maps on the torus

2 deg(β) =
∑

P∈β−1(0)
(eP − 1) +

∑
P∈β−1(1)

(eP − 1) +
∑

P∈β−1(∞)
(eP − 1)

For example, consider Bely̆ı maps with deg(β) = 5.

2 · 5 =
∑
P∈B

(eP − 1) +
∑

P∈W
(eP − 1) +

∑
P∈F

(eP − 1) =

4 + 4 + 2

4 + 3 + 3

All representation of sums of elements in partitions are:
4 = (5− 1)
3 = (4− 1) + (1− 1) or 3 = (3− 1) + (2− 1)
2 = (3− 1) + (1− 1) + (1− 1) or
2 = (2− 1) + (2− 1) + (1− 1)

All possible representations of the sums of the elements in
partitions are:
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Verifying a rational function is a Bely̆ı Map
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Degree Sequences of Bely̆ı maps

Every Bely̆ı map of deg(β) = 5 has one of the following degree
sequences, as illustrated by the accompanying examples:

{{1, 4}, {1, 4}, {5}} E : y2 = x3 + 5x + 10 β(x , y) =
(x − 5) y + 16

32

{{2, 3}, {2, 3}, {5}} E : y2 = x3 − 120x + 740 β(x , y) =
(x + 5) y + 162

324

{{1, 4}, {2, 3}, {5}} ? ?

{{1, 2, 2}, {5}, {5}} ? ?

{{1, 1, 3}, {5}, {5}} ? ?

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
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New examples
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Verifying a rational function is a Bely̆ı Map
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Generating new examples

Proposition
Every elliptic curve has degree 2, 3 rational maps f with 4 critical
values say {(0 : 1), (1 : 1), (1 : 0), (ω0 : 1)}

Corollary

Say ω0 = p
q is a rational number. Then the composition

β : E (C) f−−−−→ P1(C) h−−−−→ P1(C)

in terms of h(ω) = ωp−q(ω − 1)−p
(
ω − p

q

)q
is a Bely̆ı map of

deg(β) = deg(f ) ·max{|p|, |q|}

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Degree 2 rational map

Given an elliptic curve E in general form, we can transform it into
E ′ : y2z = (x − e1z) (x − e2z) (x − e3z) for some complex
numbers e1, e2, and e3.

Proposition
Given an elliptic curve E ′ : y2z = (x − e1z) (x − e2z) (x − e3z), we
have that a corresponding rational map β : E (C)→ P1(C) of
deg(β) = 2 with critical values

{
(0 : 1), (1 : 1), (1 : 0), (ω0 : 1)

}
is

given by
β(x , y , z) = e2 − e3

e2 − e1
· x − e1z

x − e3z

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Degree 3 rational map

Every elliptic curve can be written in the form
y2z + A1xyz + A3yz2 = x3 for complex numbers A1 and A3 by
some substitution.
Theorem
Given an elliptic curve E : y2z + A1xyz + A3yz2 = x3, we have that
a corresponding rational map β : E (C)→ P1(C) of deg(β) = 3
with critical values

{
(0 : 1), (1 : 1), (1 : 0), (ω0 : 1)

}
is given by

β(x , y , z) =
(
2A3

1 − 27A3 − 2A1
√

A1 (A3
1 − 27A3)

)
y − 27A2

3z(
2A3

1 − 27A3 + 2A1
√

A1 (A3
1 − 27A3)

)
y − 27A2

3z
if A1 6= 0.
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Database
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Verifying a rational function is a Bely̆ı Map
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Finding more examples

Database

Theorem (Zapponi)
There are only finitely many Q-isomorphism classes of elliptic
curves of a given bounded Bely̆ı degree.

Corollary
For a given positive integer N, there exists only finitely many
j0 ∈ C such that there exists an elliptic curve E and a Bely̆ı map
β : E (C)→ P1(C) with j(E ) = j0 and deg(β) = N.

PRiME 2015 Dessins d’Enfant on the Torus
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Verifying a rational function is a Bely̆ı Map
Degree Sequences
Finding more examples

Database

Given an integer N, we want to compute
Elliptic curves E .
Bely̆ı maps β : E (C)→ P1(C) with deg(β) = N.
Dessin d’Enfant of β

PRiME 2015 Dessins d’Enfant on the Torus
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Algorithm

Visualizing Dessins d’Enfants
on the Torus
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Overview of the algorithm

Input:
An elliptic curve in the form:

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6

A Bely̆ı Map: β : E (C)→ P1(C)

Output: Points and coloring corresponding to a Dessin d’Enfant
embedded on the torus, T2(R).
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Step 1: Setup

We find a set of points (x , y) that approximate β−1 on the curve
from 0 to 1: β−1

(
[0, 1]

)
⊆ E (C).

Recall:

β−1(0) = Red Vertices
β−1(1) = Black Vertices
β−1([0, 1]) = Edges
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Step 1: Setup

Given our curve :

y2 + a1 x y + a3, y = x3 + a2 x2 + a4 x + a6

We simplify it to the following

4(x3 + a2x2 + a4x + a6) + (a1x + a3)3 = 4(x − e1)(x − e2)(x − e3)

Where e1, e2, and e3 are roots of the elliptic curve
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Step 2: The elliptic logarithm

Recall the lattice Λ =
{

mω1 + nω2
∣∣m, n ∈ Z

}
in terms of the periods

ω1 =
∫ e3

e1

dt√
(t − e1) (t − e2) (t − e3)

and ω2 =
∫ e3

e2

dt√
(t − e1) (t − e2) (t − e3)

For every point (x , y) calculated in step 1 we compute an elliptic logarithm, z by
logE : E(C)→ C/Λ.:

z = sgn(y)
∫ ∞

x

dt√
(t − e1) (t − e2) (t − e3)

= mω1 + nω2
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Step 3: Projecting to the torii

We exploit the following isomorphisms

E(C)
'

−−−−−−→ C/Λ
'

−−−−−−→ T 2(R)

(x, y)
sgn(y)

∫ ∞

x

dt√
(t − e1) (t − e2) (t − e3)

= mω1 + nω2

u =
(

R + r cos 2πm
)
cos 2πn

v =
(

R + r cos 2πm
)
sin 2πn

w = r sin 2πn
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John Cremona and Thotasaphon Thongjunthug’s Method

One of the major issues was calculating the elliptic logarithm
in Sage.
We used the Arithmetic Geometric Mean(AGM) to
approximate the elliptic integral.
Without using an integral within a few steps you can acquire
the elliptic integral quickly.
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Overview of the Algorithm

The algorithm is broken up into two steps
1 Finding the periods ω1 and ω2
2 Finding the elliptic logarithm

To find the periods you set up one "for" loop that converges
to ω1 and ω2 as you increase the iterations
To find the elliptic logarithm you set up a nested "for" loop
that calculates a complex number for every point on the
elliptic curve.
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Step 1 - Calculating the Periods

To begin calculate four values in terms of the roots of the
elliptic curve.

A0 =
√

e1 − e3 B0 =
√

e1 − e2 C0 =
√

e2 − e3 D0 =
√

e2 − e1

Next we run through the "for" loop from
p = 0, 1, 2, 3...N − 1

Ap+1 = Ap + Bp
2 Bp+1 =

√
ApBp Cp+1 = Cp + Dp

2 Dp+1 =
√

CpDp

As p iterates to N-1 the following ratio converges to the
period

ω1 = π

AN
= π

BN
ω2 = π

CN
= π

DN

Remark: There is a consistent way to choose the signs to
guarantee convergence
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Step 2 - Calculating the Elliptic Logarithm
Given a point (x , y) on the elliptic curve, compute the following

To calculate the elliptic logarithm find the following values

I1 =
√

x − e1
x − e2

J1 = −(2y + a1x + a3)
2I1(x − e2)

Then as p = 0, 1, 2, 3, 4...N − 1 calculate the following values

Ip+1 =
√

Ap(Ip + 1)
Bp−1Ip + Ap−1

Jp+1 = Ip+1Jp

This returns the elliptic logarithm

z =
arctan AN

JN

AN
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Dessin of Degree 3

E : y2 = x3 + 1 β(x , y) = (y+1)
2
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Dessin of Degree 4

E : y2 = x3 + x2 + 16x + 180 β(x , y) = (x2+4y+56)
(108)
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Dessin of Degree 5

E : y2 = x3 + 5x + 10 β(x , y) = (x−5)y+16
32
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Dessin of Degree 9

E : y2 = x3 − 432 β(x , y) = (216x3)
(y+36)3

PRiME 2015 Dessins d’Enfant on the Torus



Riemann Surfaces
Bely̆ı Maps
Examples
Algorithm

Future Projects

Find remaining degree 5 Belyi maps
Work with tori of g>1
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Thank You!

Questions?
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